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The universal anomalous diffusion scaling is obtained for the semiclassical quantum Hall tran- 
sition, which has been argued to describe samples with dissipation or correlated impurities. The 
results explain a discrepancy between existing numerics and the expected scaling n = 2xi = =, 
which is violated because of a cancellation in the scaling function. The crossover with increasing 
observation time from semiclassical to quantum scaling is shown to explain a recent experiment 
which finds different scaling laws depending on how the localization length is extracted. 
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The electronic eigenstates of disordered systems at 
critical points such as the quantum Hall plateau transi- 
tional or metal-insulator transitiono are believed to have 
fractal structure described by universal scaling laws, but 
analytic results for such scaling laws are quite scarce. 
This paper finds the exact anomalous diffusion scaling 
in a standard semiclassical model for the quantum Hall 
transition, extending previous numerical studieso. Sev- 
eral authorsoBO have argued that this semiclassical limit 
is relevant to various experimental situations, and it also 
shares,|Some features with the spin quantum Hall tran- 
sitionLrlj in disordered superconductors. Here the semi- 
classical model is compared to recent experimentsB which 
appear to show both "quantum" and " classical" localiza- 
tion scaling laws in the same sample, depending on how 
the localization length is extracted. 

The semiclassical model has recently appeared in stud- 
ies of how dissiaative effects can modify the quantum 
Hall transitionQEl. Many experiments observe localiza- 
tion length scaling more consistent with the classical 
value v = 4 t han the expected quantum value v « 
2.35 ± 0.05E3O. By suppressing tunneling and intro- 
ducing a finite dephasing length, dissipation increases 
the range of chemical potentials where a semiclassical 
description applies, but causes simple diffusion over a 
nonzero range around the critical chemical potential. 
The main experimental results can be understood in a 
simple picture incorporating dissipation, without requir- 
ing a new dissipation-dominated critical point other than 
diffusion. 

The starting point of the analysis is a standard lat- 
tice model for classical motion on percolation hulls or 
random level surfaces; quantum mechanics only enters 
this model ua|-properties like the density of states and 
conductivityaiia which count the number of trajectories. 
The random level surface problem was first introduced in 
the quantum Hall context as a useful but_q.uantitatively 
incorrect model for the integer transitionlljo. Our ap. 
proach uses a mapping to a class of lattice polymersE-3 
to find time-dependent correlations in the semiclassical 
random level surface problem and resolve a disagreement 
between existing numerics and analytical work. 

The, results improve upon Monte Carlo calculations of 
Eversa on the random level surface problem, which cor- 
rectly found a deviation from simple scaling but did not 



reach the extremely long paths (> 10 4 disorder correla- 
tion lengths) where the true asymptotic scaling sets in. 
There is a universal anomalous diffusion exponent 77 = \ 
which characterizes the non-Gaussian correlation of crit- 
ical states. This result differs from the value 77 = | pre- 
dicted by a simple scaling argument because the leading 
scaling term vanishes. The restricted "open-walk" ver- 
sing of the problem, which is more convenient for numer- 
ical, is shown analytically to have 77 = -r with divergent 
logarithmic corrections resulting from a short-distance 
singularity in the associated polymer ensemble. Monte 
Carlo simulations are used to verify some of the pre- 
dicted scaling behavior. Aside from their direct relevance 
to quantum Hall transitions, the results suggest possible 
features of other disordered electronic transitions: cancel- 
lations in scaling functions, logarithmic corrections, and 
slow decay of finite-size effects. 

The existence of anomalous scaling (nonzero 77) for the 
ordinaw integer transition was shown by Chalker and 
DaniellEJ: in the scaling regime q,u> <C 1 , the spectral 
function has two distinct universal limits: 
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This form satisfies the scaling law S(q;E c ,ui) = 
uj^ 1 f {q 2 / oj) which follows from a homogeneity assump- 
tion. S(q; E c ,lo) is defined as the Fourier transform of 
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We now define the density-density correlation 
(p(0, 0)p(r, t)) at E = E c in the random level sur- 
face model, with scaling analogous to (|2|). 

Consider a classical charged particle moving in the x-y 
plane in a magnetic field Bz and random potential V(x). 
For a smoothly varying potential, the particle velocity av- 
eraged over the fast cyclotron motion is v = (E x B) /B 2 . 
The particle velocity is perpendicular to the potential 
gradient, and the particle moves along constant energy 
surfaces of the random potential. For a uniformly dis- 
tributed potential V(x) € [— 1, 1], the typical size of level 
surfaces at energy E diverges as E — ► 0. The connection 
to percolation comes about because a level surface at 
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FIG. 1: The dotted edges are self-contacts: the edge between 
Vz and 14 is an antiparallel self-contact, while that between 
Vi and V2 is a parallel self-contact. This path is not allowed 
classically since the walk passes V2 both on the right and on 
the left. 



energy E separates regions with V > E from those with 
V < E. The level surfaces are closed non-self-intersecting 
loops, whose statistical properties are exactly the same 
as percolation hullaHLor self-interacting ring polymers 
at the critical 0-pointE3. 

The results from percolation and polymers used to 
study this problem require discretizing the motion so that 
the particle moves on a regular lattice. From numericstrtHl 
it is known that the particle has nonzero mean velocity at 
the critical energy, so time can be discretized as well: the 
particle takes one step on the lattice per. t i m e unit. The 
resulting model on the hexagonal Iattical3il3 is depicted 
in Fig. y. There is an independent random potential Vi 
on each face of the lattice. A particle of energy E moves 
so that the potential of faces to its left (right) is always 
greater (less) than E. 

Averaging over disorder, the probability to be at b after 
N steps starting from a can be written as a weighted sum 
over self-avoiding walks (SAWs) or loops (SAPs)lia. The 
result is (H is the number of different hexagons visited 
by the SAW or SAP) 
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Here each SAP should be summed twice, once with dis- 
tance q and once with distance I — q. The classical ana- 
logue of the spectral function S(q, u>) is the imaginary 
part of (passing to continuous time) 

n(«,w) = -i J dv J dte- l ^ r+ ^f(r,t). (4) 



For random walks H(q,ui) cx (u — iDq 2 ) -1 and u>H is a 
function of q 2 /uj (diffusive scaling); such scaling is vio- 
lated at the semiclassical Hall transition, as seen below. 

The weight 2~ H in (g) is exactlv that of the 9' model 
studied by Duplanticr and Saleurc3, which is in the same 
universality class as the ordinary 0-point. The critical 
exponents 7 and vq, defined through 
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take values 7 = |, v$ = | for this class, and fi = 1 
on the hexagonal latticec3. Here and in the following 
Osaw denotes an average over self-avoiding walks, while 
() denotes an average over disorder configurations in the 
random level surface problem. 

The linear increase with time of the mean squared par- 
ticle displacement at E c follows from the values of poly- 
mer exponents v e and 7: (R 2 (N)) cx iV 7 ~ 1+2l/e = N. 
Higher moments of the particle distribution function 
show nontrivial scaling laws: 

(R 2n (N)) cx N^- l N 2nue = 7v(s»-i)A n > 1. (6) 

For random walks (R 2n (N)} cx N n . The higher mo- 
ment laws (^) reflect the non-intersection and memory 
properties of random level surfaces, which lead to a non- 
Gaussian distribution of f(r, N). 

The expression (^) for the particle distribution func- 
tion after N steps includes both SAWs and SAPs. Since 
the sum over SAPs contains not just loops of length N 
but of all shorter lengths, this term contributes a large 
constant background which is difficult to subtract numer- 
ically. The most comprehensive numerics have been per- 
formed on a reduced problem including only the average 
over self- avoiding walks. It follows from simple properties 
of a polymer scaling function that Monte Carlo numerics 
suggesting 77 w for the reduced problem are not reach- 
ing the asymptotic regime: the actual value is r\ = j with 
a logarithmic prefactor. Then a similar argument gives 
i] = j for the full problem (open and closed polymers), 
with no logarithmic corrections. 

The basic scaling law for polymers predicts that the 
particle distribution function fo for the reduced problem 
has the form 



fo(T,t)=r' b *H(rt- v ») 



(7) 



where H is normalized as J H(x) d d x = 1. H is positive, 
falls off rapidly as x — > 00, and is smooth except for the 
origin, where H(x) ~ x^ 1 ^^" = a^ 1 / 4 . This behavior 
at small x is the simplest example of a polymer contact 
exponent: a new critical exponent describes the scaling 
as the two ends of the polymer approach each other. The 
value (7 — can be derived from noting that as the 

ends approach each other, a SAW becomes a SAP. This 
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divergence at small x is the source of the logarithmic 
corrections in the reduced problem. 

It is convenient to isolate the divergence in H(x): 



H{x) = cx- 1 /^-* 2 / 2 + H Icg (x), 



(8) 



where c is a positive constant and H lcg is some smooth 
function (no longer necessarily positive). The cutoff on 
the singular part is arbitrary; a Gaussian is chosen for 
simplicity. The distribution function in momentum space 
is 

fo (q ,*)= / e-^ r /o(r,t)d 2 r 

= 2tt / J Q {qr)H{rt- A ' 7 )t- 8 l 7 rdr = f Q {qt A ' 7 lQ) 
Jo 

The contribution of the regular part H lcg to f(q, oj) is 
finite (possibly zero) as oj — > 0: 
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The singular part of -ff (cc) gives a logarithmically diver- 
gent contribution C as cj — » 0: 



C = 



OO /" OO 



2,tc / / e-^*J (u^ 4/7 )ii- 1/4 e - u /2 u duett 
'o Jo 



= 2 7 rcr(7/8)2- 1 / 8 / e-^*F(7/8, l,-q 2 t 8/7 /2) dt 
Jo 

2cr(7/8)VV2- 1 



7 7/4 



log(g 7/ » 



(11) 



where the omitted terms are finite as oj — ► and F is the 
confluent hypergeometric function. 

From ( pi] ) Im Ilo scales as q -7 / 4 = q~ 2+v with 77 = 
i, with a logarithmically divergent prefactor resulting 
from the polymer contact singularity H{x) ~ a; -1 / 4 . The 
singularity is easily missed numerically since it only starts 
to dominate the scaling function for small values of x in 
dimensionless units, so extremely long walks with N > 
10 are required for its observation. We have performed 
Monte Carlo simulations of walks up to N — 10 5 to verify 
the predicted increase of H{x) at small x. 

Now consider the average over all (closed and open) 
paths which gives Im 11. After a long time t, only a 
fraction t~r of paths are open, and most particles move 
on closed loops. Naive scaling predicts that 77 = 2x\ = h, 
but the scaling function is shown below to vanish in the 
limit oj — ► 0. The next term is nonvanishing and gives 
Im IT ~ cij 1 / 7 ^ 7 / 4 , so 77 = 1/4. There are no logarithmic 
corrections, unlike in the open-walk case, because of the 
t~~ damping of open walks. 

As t — ► 00 the particle distribution function goes to a 
nonzero limit 
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TABLE I: Comparison of exact critical properties of semi- 
classical Hall transition with the ordinary integer transition 
(IQHT) and spin transition (SQHT). Critical conductivity is 
in units of £- per spin. 



with X)r/( r '°°) = 1 an<4 L ^ s ^ ne P a th length. The 
background contributes a S(oj) part which is henceforth 
ignored (difficulty in separating 8(u>) is the reason why 
Monte Carlo calculations are often performed on the re- 
duced open- walk problem). Defining f(r, N) = f(r, N) — 
f(r, 00), some straightforward cancellations show that 
J2n f( r iN) — for all r, so for all q, in the continuum 
limit J °° f(q, t) dt = and Im II — > as oj — * 0. 

For nonzero oj <C q 7 ^ the contribution of paths shorter 
than oj~ x is nearly zero from the same cancellations; long 
paths determine 
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The upshot of the above results is that for neither the 
open-walk case nor the full problem is the scaling trivial: 
logarithmic corrections appear in the open-walk case, and 
the scaling function in the full problem vanishes for small 
argument, leading to the emergence of a new power-law 
and 77 = i instead of 77 = 2a; 1 = i . A similar discrepancy 
between 77 and the value of 2x\ obtained from finite-size 
scaling for the, integer Hall transition was noted in the 
original papertl. 

An interesting question is whether the spin quantum 
Hall transition (SQHT), which has the same a and v as 
the semiclassical transition (Table I) assuming a simple 
relation between Landauer and Einstein conductancesl!3, 
also has the same 77. Some sums over paths in the SQHT 
network model are exactly equal to sums over percolation 
hullsa'EJ, but individual paths are not directly related to 
individual hulls, scxi! is not clear that 77 need be the same. 

Several authorsaEl have proposed that the semiclassi- 
cal limit discussed above may be relevant to the many 
experimental samples which fail to show simple v ps 2.3 
scaling down to low temperatures. The exponent v is 
traditionally obtained by measuring two different combi- 
nations of v and z, where the dynamical exponent z is 
typically equal to 1 within experimental error. The scal- 
ing of the width of the transition region with temperature 
measures the product vz: experimental results on such 
scaling show variously scaling down to low temperature 
with vz ^ 2.3113, scaling down to low temperature with 
vz w 1.50, and a breakdown of scaling atlpw temperature 
with high-temperature scaling vz « 1.5EI 

An alternate way to determine the localization length 
and hence v directly, without measuring z, is via variable- 



4 



range hopping in the localized regime far from the tran- 
sition. Recent experimentsu found for three samples 
one scaling law for the plateau width, corresponding to 
v i=a 1.5 if z = 1, and another corresponding to v ~ 2.3 for 
the localization length obtained from variable-range hop- 
ping at finite temperature. Other samples had plateau 
width v values ranging from 1.3 to 2.2. This surprising 
appearance of different power laws in the same samples 
suggests either a nontrivial value for z ^ 1 or that the 
two measurements are probing different physics. The re- 
mainder of this paper discusses an interpretation of these 
experiments based on quantum-mechanical tunneling be- 
tween semiclassical states and a loss of phase coherence 
near the critical energy. Note that the single-particle mo- 
tion on percolation hulls discussed below is distinct from 
percolation of macroscopic quantum Hall "puddles" □. 

A possible explanation for the existence of two scaling 
laws in the same samples is that the plateau width mea- 
surements, taken at high current so that each electron 
state is only briefly occupied, do not see the effects of 
the relatively slow quantum tunneling processes, which 
cause v 2.3 for the true zero-temperature, infinite-time 
localization length. The effective localization length on 
short time scales should then be-described by the classical 
percolation exponent v = |. Intl the plateau width mea- 
surements are taken at conductivity a of order 10 _4 e 2 /h, 
while the variable-range-hopping localization length is 
taken from data over the range 10~ 13 < ah/e 2 < 10~ 5 . 
This argument predicts is that the localization length 
extracted from plateau width scaling should be shorter 
than that from variable-range hopping at low current. 

An area of current interest is how dissipation via cou- 
pling to low-energy excitations, such as weakly localized 
electrons, can modify quantum phase transitionsB. Such 
low-energy excitations of unknown origin seem experi- 
mentally to generate a finite dephasing length down to 



the lowest measured temperatures in some samples. As 
the chemical potential nears the critical energy, power- 
law scaling of the localization length requires phase co- 
herence on increasing length and time scales. The physics 
of the quantum Hall fixed point depends on both tunnel- 
ing and phase coherence, which keeps the states from be- 
ing truly extended except at the critical energy. Once the 
localization length is larger than the dephasing length, 
the transport should be diffusive (finite cr xx ), as seen in 
some samples in a finite range around the critical energy. 

Another explanation for classical percolation scaling 
is that a smooth disorder potential (disorder correlation 
length larger than the magnetic length) shows a larger 
crossover region where classical percolation applies than 
a sharp potential, because tunneling is reduced. How- 
ever, this would not explain the breakdown in scaling of 
the plateau width at low temperature observed in many 
samples, and would require samples from similar growth 
runs to have very different impurity distributions. A pos- 
sible direct test of whether changes in dephasing length 
are indeed correlated with the sample-dependent behav- 
ior would be the addition of a controllable coupling to 
dissipation, as done for low B inEil. 

Our main conclusion is that the semiclassical limit of 
the quantum Hall transition has nontrivial mobility edge 
scaling which can be found exactly using results from 
the theory of polymers or percolation. This limit can 
be experimentally observed in samples with dissipation 
or smooth potential fluctuations and is closely related to 
the spin quantum Hall transition. 

Note redded: After this paper was submitted, a 
preprintE3 appeared which examines the anomalous scal- 
ing exponent at the spin quantum Hall transition and 
also finds r) = \. 

The author thanks I. Affleck, A. Green, I. Gruzberg, 
V. Gurarie, and A. Vishwanath for useful conversations. 
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